In this paper, we determine the lower central and derived series for the braid groups of the projective plane. We are motivated in part by the study of Fadell-Neuwirth short exact sequences, but the problem is interesting in its own right. 
Introduction

Generalities and definitions
Let n È N. The braid groups of the plane E 2 , denoted by B n , and known as Artin braid groups, were introduced by E. Artin in 1925 [A1, A2, A3] , and admit the following wellknown presentation: B n is generated by elements σ 1 , . . . , σ n¡1 , subject to the classical Artin relations: σ i σ j σ j σ i if |i ¡ j| 2 and 1 i, j n ¡ 1 σ i σ i 1 σ i σ i 1 σ i σ i 1 for all 1 i n ¡ 2.
A natural generalisation to braid groups of arbitrary topological spaces was made at the beginning of the 1960's by Fox (using the notion of configuration space) [FoN] . The braid groups of compact, connected surfaces have been widely studied; (finite) presentations were obtained in [Z1, Z2, Bi1, Sc] . As well as being interesting in their own right, braid groups have played an important rôle in many branches of mathematics, for example in topology, geometry, algebra and dynamical systems, and notably in the study of knots and links [BZ] , of the mapping class groups [Bi2, Bi3] , and of configuration spaces [CG, FH] . The reader may consult [Bi2, Han, R] for some general references on the theory of braid groups.
Let M be a connected manifold of dimension 2 (or surface), perhaps with boundary. Further, we shall suppose that M is homeomorphic to a compact 2-manifold with a finite (possibly zero) number of points removed from its interior. We recall two (equivalent) definitions of surface braid groups. The first is that due to Fox. Let F n ÔMÕ denote the n th configuration space of M, namely the set of all ordered n-tuples of distinct points of M: F n ÔMÕ Ôx 1 , . . . , x n Õ x i È M and x i x j if i j´. Since F n ÔMÕ is a subspace of the n-fold Cartesian product of M with itself, the topology on M induces a topology on F n ÔMÕ. Then we define the n-string pure braid group P n ÔMÕ of M to be P n ÔMÕ π 1 ÔF n ÔMÕÕ. There is a natural action of the symmetric group S n on F n ÔMÕ by permutation of coordinates, and the resulting orbit space F n ÔMÕßS n shall be denoted by D n ÔMÕ. The fundamental group π 1 ÔD n ÔMÕÕ is called the n-string (full) braid group of M, and shall be denoted by B n ÔMÕ. Notice that the projection F n ÔMÕ D n ÔMÕ is a regular n!-fold covering map. It is well known that B n is isomorphic to B n ÔD 2 Õ, and that the subgroup P n of pure braids of B n is isomorphic to P n ÔD 2 Õ, where D 2 is the closed 2-disc.
The second definition of surface braid groups is geometric. Let P Øp 1 , . . . , p n Ù be a set of n distinct points of M. A geometric braid of M with basepoint P is a collection β Ôβ 1 , . . . , β n Õ of n paths β : Ö0, 1× M such that: (a) for all i 1, . . . , n, β i Ô0Õ p i and β i Ô1Õ È P. (b) for all i, j 1, . . . , n and i j, and for all t È Ö0, 1×, β i ÔtÕ β j ÔtÕ.
Two geometric braids are said to be equivalent if there exists a homotopy between them through geometric braids. The usual concatenation of paths induces a group operation on the set of equivalence classes of geometric braids. This group is isomorphic to B n ÔMÕ, and does not depend on the choice of P. The subgroup of pure braids, satisfying additionally β i Ô1Õ p i for all i 1, . . . , n, is isomorphic to P n ÔMÕ. There is a natural surjective homomorphism τ : B n ÔMÕ S n which to a geometric braid β associates the permutation τÔβÕ defined by β i Ô1Õ p τÔβÕÔiÕ . The kernel is precisely P n ÔMÕ, and we thus obtain the following short exact sequence:
In this paper, we shall be primarily interested in the braid groups of the real projective plane RP 2 . Along with the braid groups of the 2-sphere, they are of particular interest, notably because they have non-trivial centre (which is also the case for the Artin braid groups), and torsion elements (which were characterised by Murasugi [Mu] , see also [GG9] ). We recall briefly some of their properties. If D 2 RP 2 is a topological disc, there is a group homomorphism ι : B n ÔD 2 Õ B n ÔRP 2 Õ induced by the inclusion. If β È B n ÔD 2 Õ then its image ιÔβÕ shall be denoted simply by β. A presentation of B n ÔRP 2 Õ was given in [VB] (see Proposition 4); in [GG4] , we obtained a presentation of P n ÔRP 2 Õ. The first two braid groups of RP 2 are finite: B 1 ÔRP 2 Õ and B 2 ÔRP 2 Õ are isomorphic to Z 2 and Q 16 respectively, where for m 2, Q 4m denotes the generalised quaternion group of order 4m [VB] . If n 3 then B n ÔRP 2 Õ is infinite. For n 3, the Fadell-Neuwirth short exact sequence of pure braid groups yields the fact that P 3 ÔRP 2 Õ is isomorphic to a semi-direct product of a free group of rank two by Q 8 . If n 2, the so-called 'full twist' braid ∆ 2 n Ôσ 1 ¤ ¤ ¤ σ n¡1 Õ n generates the centre ZÔB n ÔRP 2 ÕÕ of B n ÔRP 2 Õ, and is the unique element of B n ÔRP 2 Õ of order 2. Here ∆ n denotes the Garside (or 'half twist') element of B n ÔRP 2 Õ, defined by ∆ n Ôσ 1 ¤ ¤ ¤ σ n¡1 ÕÔσ 1 ¤ ¤ ¤ σ n¡2 Õ ¤ ¤ ¤ Ôσ 1 σ 2 Õσ 1 . Further, the torsion of B n ÔRP 2 Õ is 4n and 4Ôn ¡ 1Õ, and that of P n ÔRP 2 Õ is 2 and 4 [GG3] . In [GG8] , we classified the virtually cyclic subgroups of B n ÔRP 2 Õ for all n È N, and in [GG9] , we characterised the finite subgroups of B n ÔRP 2 Õ.
Our aim in this paper is to study the lower central and derived series of the braid groups of RP 2 . We recall some definitions and notation concerning these series. If G is a group, then its lower central series ØΓ i ÔGÕÙ iÈN is defined inductively by Γ 1 ÔGÕ G, and Γ i 1 ÔGÕ ÖG, Γ i ÔGÕ× for all i È N, and its derived series G ÔiÕ µ iÈN Ø0Ù is defined inductively by G Ô0Õ G, and G ÔiÕ ÖG Ôi¡1Õ , G Ôi¡1Õ × for all i È N. One may check easily that Γ i ÔGÕ Γ i 1 ÔGÕ and G Ôi¡1Õ G ÔiÕ for all i È N, and for all j È N, j i, Γ j ÔGÕ (resp. G ÔjÕ ) is a normal subgroup of Γ i ÔGÕ (resp. G ÔiÕ ). Notice that Γ 2 ÔGÕ G Ô1Õ is the commutator subgroup of G. The Abelianisation of the group G, denoted by G Ab is the quotient GßΓ 2 ÔGÕ; the Abelianisation of an element g È G is its Γ 2 ÔGÕ-coset in G Ab . The group G is said to be perfect if G G Ô1Õ , or equivalently if G Ab Ø1Ù. Following P. Hall, for any group-theoretic property P, a group G is said to be residually P if for any (nontrivial) element x È G, there exists a group H with the property P and a surjective homomorphism ϕ : G H such that ϕÔxÕ 1. It is well known that a group G is residually nilpotent (respectively residually soluble) if and only if
The lower central series of groups and their successive quotients Γ i ßΓ i 1 are isomorphism invariants, and have been widely studied using commutator calculus, in particular for free groups of finite rank [Hal, MKS] . Falk and Randell, and independently Kohno investigated the lower central series of the pure braid group P n , and were able to conclude that P n is residually nilpotent [FR1, Ko] . Falk and Randell also studied the lower central series of generalised pure braid groups [FR2, FR3] . Using the Reidemeister-Schreier rewriting process, Gorin and Lin obtained a presentation of the commutator subgroup of B n for n 3 [GL] . For n 5, they were able to infer that ÔB n Õ Ô1Õ ÔB n Õ Ô2Õ , and so ÔB n Õ Ô1Õ is perfect. From this it follows that Γ 2 ÔB n Õ Γ 3 ÔB n Õ, hence B n is not residually nilpotent. If n 3 then they showed that ÔB 3 Õ Ô1Õ is a free group of rank 2, while if n 4, they proved that ÔB 4 Õ Ô1Õ is a semi-direct product of two free groups of rank 2. By considering the action, one may see that ÔB 4 Õ Ô1Õ á ÔB 4 Õ Ô2Õ .
The work of Gorin and Lin on these series was motivated by the study of almost periodic solutions of algebraic equations with almost periodic coefficients. In [GG5, GG6] we studied the lower central and derived series of the 2-sphere S 2 and the finitelypunctured 2-sphere. For S 2 , the case n 4 is critical, in the sense that if n 4, B n ÔS 2 Õ is residually soluble if and only if n 4. It is an open question as to whether B 4 ÔS 2 Õ is residually soluble.
The above comments indicate that the study of the lower central and derived series of the braid groups of RP 2 is an important problem in its own right, and it helps us to understand better the structure of such groups. But we are also motivated by the interesting question of the existence of a section (the 'splitting problem') for the following two short exact sequences of braid groups (notably for the case M RP 2 ) obtained by considering the long exact sequences in homotopy of fibrations of the corresponding configuration spaces:
(a) let m, n È N and m n. Then we have the Fadell-Neuwirth short exact sequence of pure braid groups [FaN] :
where m 3 if M S 2 [Fa, FVB] , m 2 if M RP 2 [VB] , and m 1 otherwise [FaN] , and where p ¦ is the group homomorphism which geometrically corresponds to forgetting the last n strings, and i ¦ is inclusion (we consider P n ÔMÞ Øx 1 , . . . , x m ÙÕ to be the subgroup of P m n ÔRP 2 Õ of pure braids whose last m strings are vertical). This short exact sequence plays a central rôle in the study of surface braid groups. It was used by [PR] to study mapping class groups, in the work of [GMP] on Vassiliev invariants for braid groups, as well as to obtain presentations for surface pure braid groups [Bi1, Sc, GG1, GG4, GG6] .
(b) let m, n È N. Consider the group homomorphism τ : B m n ÔMÕ S m n , and let B m,n ÔMÕ τ ¡1 ÔS m ¢ S n Õ be the inverse image of the subgroup S m ¢ S n of S m n . As in the pure braid group case, we obtain a generalisation of the Fadell-Neuwirth short exact sequence [GG2] :
where we take m 3 if M S 2 , m 2 if M RP 2 and m 1 otherwise. Once more, p ¦ corresponds geometrically to forgetting the last n strings.
We remark that if the above conditions on n and m are satisfied then the existence of a section for p ¦ is equivalent to that of a geometric section for the corresponding configuration spaces (cf. [GG3, GG4] ). The authors have recently solved the splitting problem for the short exact sequence (2) for all surfaces [GG7] . In [GG4] , we studied the short exact sequence (3) in the case M S 2 of the sphere, and showed that if m 3 then (3) splits if and only if n 0, 2 mod 3. Further, if m 4 and (3) splits then there
An open question is whether this condition is also sufficient.
Our main aim in this paper is to study the lower central and derived series of the braid groups of RP 2 . This was motivated in part by the study of the problem of the existence of a section for the short exact sequences (2) and (3). To obtain a positive answer, it suffices of course to exhibit an explicit section (although this may be easier said than done!). However, and in spite of the fact that we possess presentations of surface braid groups, in general it is very difficult to prove directly that such an extension does not split. One of the main methods that we used to prove the non-splitting of (2) for n 2 and of (3) for m 4 was based on the following observation: let 1 K G Q 1 be a split extension of groups, where K is a normal subgroup of G, and let H be a normal subgroup of G contained in K. Then the extension 1 KßH GßH Q 1 also splits. The condition on H is satisfied for example if H is an element of either the lower central series or the derived series of K. In [GG1] , considering the extension (2) with n 3, we showed that it was sufficient to take H Γ 2 ÔKÕ to prove the non-splitting of the quotiented extension, and hence that of the full extension. In this case, the kernel KßΓ 2 ÔKÕ is Abelian, which simplifies somewhat the calculations in GßH. This was also the case in [GG4] for the extension (3) with m 4. However, for the extension (2) with n 2, it was necessary to go a stage further in the lower central series, and take H Γ 3 ÔKÕ. From the point of view of the splitting problem, it is thus helpful to know the lower central and derived series of the braid groups occurring in these group extensions. But as we indicated earlier, these series are of course interesting in their own right, and help us to understand better the structure of surface braid groups.
Statement of the main results
This paper is organised as follows. In Section 2, we recall some general results concerning the splitting of the short exact sequence 1 The lower central series of B n ÔRP 2 Õ is thus completely determined. In particular, for all n 2, the lower central series of B 4 ÔRP 2 Õ is constant from the commutator subgroup onwards, and B n ÔRP 2 Õ is residually nilpotent if and only if n 3. A presentation of Γ 2 ÔB n ÔRP 2 ÕÕ is given in Proposition 12 in Section 4. The case n 3 is particularly interesting: as we shall see in Proposition 8, Γ 2 ÔB 3 ÔRP 2 ÕÕ is a semi-direct of the form ÔF 3 « Q 8 Õ « Z 3 . This may be compared with Gorin and Lin's results for Γ 2 ÔB 3 Õ and Γ 2 ÔB 4 Õ [GL] and with our result for B 4 ÔS 2 Õ [GG5] .
In Section 3, we study the derived series of B n ÔRP 2 Õ. As in the case of B n and B n ÔS 2 Õ [GL, GG5] , ÔB n ÔRP 2 ÕÕ Ô1Õ is perfect if n 5, in other words, the derived series of B n ÔRP 2 Õ is constant from ÔB n ÔRP 2 ÕÕ Ô1Õ onwards. The cases n 1, 2 are straightforward, and the groups B n ÔRP 2 Õ are finite and soluble. In the case n 3, we make use of the semi-direct product decomposition of ÔB 3 ÔRP 2 ÕÕ Ô1Õ So if n 4, the derived series of B n ÔRP 2 Õ is thus completely determined (up to knowing the derived series of the free group F 9 of rank 9). In particular, if n 4, B n ÔRP 2 Õ is residually soluble if and only if n 4 (Corollary 10). We remark that part (c)
of Theorem 1 and the first statement of part (d) of Theorem 2 appeared in [BM] where the authors asserted that the results may be proved along the lines of our proof in the case of the sphere [GG5] . We give the details of the proofs. As for B n and B n ÔS 2 Õ [GL, GG5, GG6] , the case n 4 is somewhat delicate. We are able to determine some of the terms and quotients of the derived series of B 4 ÔRP 2 Õ. 
where the action is described by equations (128) A presentation of B 4 ÔRP 2 ÕÕ Ô1Õ derived from that of Proposition 12 is given during the proof of Theorem 3. As in the case of B 4 ÔS 2 Õ, it is an open question as to whether B 4 ÔRP 2 Õ is residually soluble or not.
In [BGG] , the lower central series of braid groups of orientable surfaces of genus g 1, with and without boundary, was analysed. The study of the lower central series of non-orientable surfaces of genus at least two is the subject of work in progress.
The lower central series of B n ÔRP
Õ
The main aim of this section is to prove Theorem 1, which describes the lower central series of B n ÔRP 2 Õ. Before doing so, we state some general results concerning B n ÔRP 2 Õ, as well as some general homological conditions for the stabilisation of the lower central series of a group (Lemma 7). We start by recalling Van Buskirk's presentation of B n ÔRP 2 Õ. Proposition 4 (Van Buskirk [VB] ). Let n È N. The following constitutes a presentation of the group B n ÔRP 2 Õ:
Let n È N, let B n ÔRP 2 Õ¨A b B n ÔRP 2 ÕßΓ 2 ÔB n ÔRP 2 ÕÕ denote the Abelianisation of B n ÔRP 2 Õ, and let α : B n ÔRP 2 Õ B n ÔRP 2 Õ¨A b be the canonical projection. Then we have the following short exact sequence:
We first prove the following result which deals with this short exact sequence.
the generators of the first (resp. second) copy of Z 2 is the image of the generators σ i (resp. ρ j ).
Proof. This follows easily by Abelianising the presentation of B n ÔRP 2 Õ given in Proposition 4. The generators σ i (resp. ρ j ) of B n ÔRP 2 Õ are all identified by α to a single generator σ αÔσ i Õ (resp. ρ αÔρ j Õ) of the first (resp. second) Z 2 -summand.
We recall the following lemma from [GG5] . We now come to the proof of Theorem 1. [VB] , parts (a) and (b) follow easily. Now suppose that n 3. First observe that H 2 ÔZ 2 Z 2 Õ Z 2 . By Lemma 7, if the homomorphism δ is surjective then Γ 2 ÔB n ÔRP 2 ÕÕ Γ 3 ÔB n ÔRP 2 ÕÕ, and part (c) follows. Otherwise, if δ is not surjective then it is trivial, and we obtain the following exact sequence:
Lemma 7 ([GG5]
It follows that Z 2 Γ 2 ÔB n ÔRP 2 ÕÕßΓ 3 ÔB n ÔRP 2 ÕÕ is an isomorphism. So we have the short exact sequence:
and hence the middle group, which we denote by H, is of order 8. Since the quotient Γ 2 ÔB n ÔRP 2 ÕÕßΓ 3 ÔB n ÔRP 2 ÕÕ is non trivial, we conclude that H is non Abelian, and so is either Q 8 or the dihedral group Dih 8 .
We claim that there is no surjective homomorphism B n ÔRP 2 Õ H. To see this, Applying ϕ to the relation and hence ϕÔρ 2 Õ commutes with the ϕÔσ j Õ. In both cases, we conclude that Im ÔϕÕ is contained in the centraliser of ϕÔσ 1 Õ in H. A necessary condition for ϕ to be surjective is that ϕÔσ 1 Õ be central in H, and so ϕÔσ 1 Õ must be of order 2. Once more the relation
Thus no homomorphism B n ÔRP 2 Õ H is surjective, but this contradicts the surjectivity of the canonical projection B n ÔRP 2 Õ B n ÔRP 2 ÕßΓ 3 ÔB n ÔRP 2 ÕÕ. This completes the proof of part (c), and thus that of Theorem 1.
We may obtain a much better description of Γ 2 ÔB 3 ÔRP 2 ÕÕ as follows. This will be helpful in the analysis of the derived series in Section 3. 
(a) The commutator subgroup of B 4 ÔRP 2 Õ will be analysed in more detail in Section 3.
of order 4n and 4Ôn ¡ 1Õ respectively. These elements satisfy [GG3, Remark 27] :
From [GG3, page 777] , conjugation by a ¡1 permutes cyclically the following two collections of elements:
n¡1 a, and
In particular, a
Further, for all 1 i n [GG9],
in B n ÔRP 2 Õ, which implies that
These observations will be used frequently in what follows.
Proof of Proposition 8. Let n 2, and let α be the Abelianisation homomorphism of equation (4), where αÔσ i Õ σ and αÔρ j Õ ρ. The permutation homomorphism τ of equation (1) induces a homomorphism τ : B n ÔRP 2 Õ¨A b ÜσÝ, and we obtain the following commutative diagram of short exact sequences:
Here τ ½ (resp. α ½ ) is the restriction of τ (resp. α) to Γ 2 ÔB n ÔRP 2 ÕÕ (resp. to P n ÔRP 2 Õ), h is the homomorphism that to a transposition associates σ, and K Ker Ôα ½ Õ Ker Ôτ ½ Õ is of index 2 in P n ÔRP 2 Õ (recall from Proposition 6 that B n ÔRP 2 Õ¨A b Z 2 Z 2 , and ÜρÝ ÜσÝ Z 2 ). Now let n 3. From [VB] , we know that
Let us first determine generating sets of the two factors in terms of Van Buskirk's generators (this action was previously described in [GG4] , but in terms of a different generating set). From the Fadell-Neuwirth short exact sequence (2), we have and by general arguments, one sees that it has two subgroups isomorphic to Q 8 , of the form Üb 2 , ∆ 3 a ¡1 Ý and Üb 2 , b∆ 3 a ¡1 Ý respectively. We shall be interested in the latter copy since it is a subgroup of P 3 ÔRP 2 Õ.
We have that a 4 is of order 3, a 4 È Ker ÔαÕ Γ 2 ÔB 3 ÔRP 2 ÕÕ, and τÔa 4 Õ τÔaÕ Ô1, 2, 3Õ. Since A 3 ÜÔ1, 2, 3ÕÝ, the correspondence Ô1, 2, 3Õ a 4 defines a section for τ ½ , and hence
from equation (9). Let us now study the structure of K in order to calculate the action.
By construction, K is the kernel of α ½ , and so is an index 2 subgroup of P 3 ÔRP 2 Õ F 2 « Q 8 . The homomorphism α ½ is defined on the generators of P 3 ÔRP 2 Õ (cf. Remark 5) by ρ j ρ for j 1, 2, 3, and for 1 i j 3, B i,j is sent to the trivial element of ÜρÝ.
we see that our copy Üb 2 , b∆ 3 a ¡1 Ý of Q 8 lies in Ker Ôα ½ Õ. Thus we have a commutative diagram of short exact sequences:
Note that we have used the following facts in order to construct this diagram:
2 is equal to B 1,2 in P 2 ÔRP 2 Õ, and p ¦ Ôb∆ 3 a ¡1 Õ ρ 2 B 1,2 by equation (13), and we conclude that p ¦ | K is surjective onto P 2 ÔRP 2 Õ.
This second fact also implies that
where (12) and (14), we obtain K ÔF 3 « Q 8 Õ «
Z 3 . The actions may be deduced from the action of Q 8
Üb 2 , b∆ 3 a ¡1 Ý on F 2 Ôρ 3 , B 2,3 Õ which we now determine. Remark 9(b) and equation (11) imply that conjugation by b 2 ρ 2 ρ 1 is given by:
From this, we deduce that under conjugation by b 2 ,
As for conjugation by b∆ 3 a ¡1 ρ 2 B 1,2 ρ ¡1 3 , we have
using Proposition 4
2,3 from equation (6). (18) Here we have used equation (8), as well as the standard property of ∆ n (in B n ) that
Relations (16) and (19) thus describe the action of Q 8 on F 2 Ôρ 3 , B 2,3 Õ, from which we may easily deduce its action on F 3
We now record the action of Z 3 on F 3 « Q 8 . Since
and
we have
by equation (20), and using the fact that Ôρ 2 ρ 1 Õ 2 ∆ 2 3 is of order 2 and is central in B 3 ÔRP 2 Õ. Further,
1 ρ 1 ρ 2 ρ 1 ρ 2 ρ 1 using Proposition 4. This describes the action of Z 3 on the Q 8 -factor. As for the action of Z 3 on F 2 ÔB 2,3 , ρ 3 Õ, using relations (20) and (21) Let 1 j n. Then from Proposition 4 there exists 1 i n ¡ 1 such that ρ j and σ i commute. So in the quotient B n ÔRP 2 ÕßH, Ô ρ j commutes with σ for all 1 j n.
i into B n ÔRP 2 ÕßH, where 1 i n ¡ 1, we obtain σ 2 1, and so Ô ρ i Ô ρ 1 for all 1 i n. Finally, by projecting the surface relation of B n ÔRP 2 Õ into B n ÔRP 2 ÕßH, Ô ρ 1 2 σ 2Ôn¡1Õ 1. Therefore the group B n ÔRP 2 ÕßH is a quotient of Z 2 Z 2 . But we know already that B n ÔRP 2 Õ¨A b Z 2 Z 2 is a quotient of B n ÔRP 2 ÕßH, and so this proves the claim. Taking H ÔB n ÔRP 2 ÕÕ Ô2Õ , it follows that the group ÔB n ÔRP 2 ÕÕ Ô1Õ is perfect. A presentation of ÔB n ÔRP 2 ÕÕ Ô1Õ will be given in Proposition 12. This proves part (d).
We now consider case (c), so n 3. Parts (i) and (ii) are just restatements of the results obtained in Proposition 8. To prove part (iii), one may check easily using the presentation of Proposition 8 that the Abelianisation ÔB 3 ÔRP 2 ÕÕ Ô1Õ ßÔB 3 ÔRP 2 ÕÕ Ô2Õ of ÔB 3 ÔRP 2 ÕÕ Ô1Õ is cyclic of order 3, generated by the Abelianisation of a 4 . Since ÔB 3 ÔRP 2 ÕÕ Ô1Õ is isomorphic to ÔF 3 « Q 8 Õ « Z 3 , where the Z 3 -factor is generated by a 4 , we obtain ÔB 3 ÔRP 2 ÕÕ Ô2Õ F 3 « Q 8 , where the action is once more given by Proposition 8. To see that the quotient B 3 ÔRP 2 ÕßÔB 3 ÔRP 2 ÕÕ Ô2Õ is isomorphic to Dih 12 , note first that we have the following commutative diagram of short exact sequences:
Since ÔB 3 ÔRP 2 ÕÕ Ô1Õ ßÔB 3 ÔRP 2 ÕÕ Ô2Õ Z 3 and ÔB 3 ÔRP 2 ÕÕ Ab Z 2 Z 2 , it follows that the quotient B 3 ÔRP 2 ÕßÔB 3 ÔRP 2 ÕÕ Ô2Õ is an extension of Z 3 by Z 2 Z 2 . We claim that the action is non trivial. To see this, we consider the conjugate of a 4 (which is a coset representative of the generator of ÔB 3 ÔRP 2 ÕÕ Ô1Õ ßÔB 3 ÔRP 2 ÕÕ Ô2Õ ) by σ 1 (which is a coset representative of σ È B 3 ÔRP 2 Õ¨A b ):
3 a 8 by Proposition 4 and equation (11). 
x 2 È ÔB 3 ÔRP 2 ÕÕ Ô3Õ , it follows that the upper short exact sequence splits, and the fact that Ü∆ 2 3 Ý is central implies that the splitting gives rise to a direct product. We conclude that ÔB 3 ÔRP 2 ÕÕ Ô3Õ L Z 2 . Now L is the kernel of the homomorphism ϕ F 3 : F 3 Ôz 1 , z 2 , z 3 Õ H which under identification of H with Z 2 Z 2 sends z 1 to Ô1, 0Õ, say, and z 2 and z 3 to Ô0, 1Õ. An application of the Reidemeister-Schreier rewriting process shows that L is a free group F 9 of rank 9. Thus ÔB 3 ÔRP 2 ÕÕ Ô3Õ F 9 Z 2 and ÔB 3 ÔRP 2 ÕÕ Ô3Õ ßÔB 3 ÔRP 2 ÕÕ Ô4Õ Z 9 Z 2 . It is then clear that ÔB 3 ÔRP 2 ÕÕ ÔiÕ ÔF 9 Õ Ôi¡3Õ for all i 4. From the short exact sequence
we see that B 3 ÔRP 2 ÕßÔB 3 ÔRP 2 ÕÕ Ô4Õ is an extension of Z 9 Z 2 by a group of order 192, so is infinite. This proves part (iv), and completes the proof of Theorem 2.
We obtain easily the following corollary of Theorem 2:
Corollary 10. Let n È N, n 4. Then B n ÔRP 2 Õ is residually soluble if and only if n 3.
We now turn our attention to the remaining case, n 4.
Proof of Theorem 3. Part (a) follows from the first paragraph of the proof of Proposition 8. So let us prove part (b). For this, we shall study the following presentation of the group ÔB 4 ÔRP 2 ÕÕ Ô1Õ which may be deduced from Proposition 12 (the notation α, β etc. is that of Proposition 12): generators:
1 . For notational reasons, we set A 2 X 1 X 3 1.
relators:
4 . (85) We now Abelianise this presentation to deduce that ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô2Õ Z 3 .
We could do this directly, but it will be convenient for what follows to carry out a partial Abelianisation first. Let Λ denote the group obtained from the above present- (22), (35), (36), (39) and (40), we have
and from equations (24), (34), (37), (38) and (41), we have
So
Now from equations (42), (43), (50), (51) and (59), we have
hence
Multiplying equations (89) and (91) yields
Further, from equations (52), (53), (58), (61), (86), (87) and (91), we have
Substituting equations (90), (93) and (94) into equation (70) yields:
by equations (86), (87), (88), (92) and (94). From equations (26), (27), (28) and (29), we have 
Using equations (30), (31) and (95), we see that
Inverting equation (99) and conjugating by Z ¡1 1 , we obtain
Comparing equations (98) and (100) 
From this and equations (90) and (95), it follows that
By equations (60), (82), (90), (83), (93), (95), (97), (101) and (102), we see that
Now
by equations (42), (62), (97) and (104), and
by equations (64), (97) and (103), hence
by equation (96) . Similarly,
by equations (67), (95), (96) and (104), and
by equations (69), (95), (96) and (105), hence
by equations (95), (96) and (101). Using equations (75), (97), (102), (103), (105) and (106), we see that
3 , and so
by equations (106), (107), (108) and (109), as well as the fact that C 2 , C 4 , Z 2 and Z 4 commute pairwise. We deduce also from equations (109) and (110) (22)- (85) If we now Abelianise ÔB 4 ÔRP 2 ÕÕ Ô1Õ completely by adding the relations that the Y i commute pairwise with each of the generators of Λ, we see that
1, and thus ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô2Õ Z 3 . We underline the fact that under the complete Abelianisation of ÔB 4 ÔRP 2 ÕÕ Ô1Õ , the generat-
1, . . . , 4, of ÔB 4 ÔRP 2 ÕÕ Ô1Õ are sent to the trivial element, and
3 and Y 4 are sent to the same generator of ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô2Õ . Taking
ÔRP 2 Õ which we know to be of order 12, consider b 4 . Since As in part (c)(iii) of the proof of Theorem 2, since ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô2Õ Z 3 and B 4 ÔRP 2 ÕßÔB 4 ÔRP 2 ÕÕ Ô1Õ Z 2 Z 2 , to prove that B 4 ÔRP 2 ÕßÔB 4 ÔRP 2 ÕÕ Ô2Õ Dih 12 , it suffices to show that the action of B 4 ÔRP 2 ÕßÔB 4 ÔRP 2 ÕÕ Ô1Õ on the kernel is non trivial. To achieve this, notice that the action by conjugation of σ 1 (which is a representative of the generator σ of B 4 ÔRP 2 ÕßÔB 4 ÔRP 2 ÕÕ Ô1Õ ) on Y 1 (which from above is a representative of a generator of ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô2Õ ) is given by
2 is congruent to Y 2 , which in turn is congruent to Y ¡1
1 . The action of B 4 ÔRP 2 ÕßÔB 4 ÔRP 2 ÕÕ Ô1Õ on ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô2Õ is thus non trivial, which proves that B 4 ÔRP 2 ÕßÔB 4 ÔRP 2 ÕÕ Ô2Õ Dih 12 , and completes the proof of part (b)(ii).
To prove part (b)(iii), let n 4 in the commutative diagram (9) of short exact sequences. Recall that in the lower sequence, B 4 ÔRP 2 Õ¨A b Z 2 Z 2 is generated by two elements σ and ρ, Ker ÔτÕ ÜρÝ, and τÔσÕ, which we also denote by σ, is the generator of the quotient B 4 ÔRP 2 Õ¨A b Ä ÜρÝ. From the discussion following equation (9), K is of index 2 in P 4 ÔRP 2 Õ. Furthermore, the homomorphism α ½ sends the generator
to the trivial element of ÜρÝ (resp. to ρ). This diagram may be continued vertically by taking commutator subgroups successively; in this way, we obtain the following commutative diagram of short exact sequences:
The vertical arrows are inclusions, and K ½ (resp. K ¾ ) is the kernel of the restriction of τ to ÔB 4 ÔRP 2 ÕÕ Ô2Õ (resp. to ÔB 4 ÔRP 2 ÕÕ Ô3Õ ). So K ¾ ÔB 4 ÔRP 2 ÕÕ Ô3Õ , and since the index of ÔB 4 ÔRP 2 ÕÕ Ô2Õ (resp. Z 2 Z 2 ) in ÔB 4 ÔRP 2 ÕÕ Ô1Õ (resp. A 4 ) is three, we deduce that K ½ K, which proves part (b)(iii).
We now prove part (c). We start by studying the quotient ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô3Õ .
As we saw above, the elements
. . , 4 of ÔB 4 ÔRP 2 ÕÕ Ô1Õ are sent to the trivial element of ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô2Õ , and so belong to ÔB 4 ÔRP 2 ÕÕ Ô2Õ . Hence considered as elements of ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô3Õ they commute pairwise (we shall not distinguish notationally between elements of ÔB 4 ÔRP 2 ÕÕ Ô1Õ and their cosets in ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô3Õ ). These were precisely the relations that we added to those of ÔB 4 ÔRP 2 ÕÕ Ô1Õ in order to obtain the presentation (111) of Λ, and thus the relations of Λ hold in ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô3Õ . In particular, ÔB 4 ÔRP 2 ÕÕ Ô1Õ ßÔB 4 ÔRP 2 ÕÕ Ô3Õ is a quotient of Λ.
denote the group obtained from Λ by adding the following relations to the presentation (111) of Λ:
1 commute pairwise and commute with Z 1 , Z 3 , A, C and D.
Once more, considered as elements of
1 , A, C and D belong to ÔB 4 ÔRP 2 ÕÕ Ô2Õ , and so the commutation relations of equation (113) 
Clearly L is isomorphic to Z 4 2 « Z 3 , where the action of conjugation by t on Üw 1 , . . . , w 4 Ý permutes cyclically the elements w 1 , w 2 and w 1 w 2 (resp. w 3 , w 4 and w 3 w 4 ). We define a map ψ : L G on the generators of L as follows: 
A long but straightforward calculation shows that each of the relators (22)- (85) 
where the action is given by equation (114 
since the homomorphism ÔB 4 ÔRP 2 ÕÕ Ô2Õ Z 2 Z 2 of equation (112) is the restriction of the permutation homomorphism τ : B 4 ÔRP 2 Õ S 4 to ÔB 4 ÔRP 2 ÕÕ Ô2Õ , it follows that any element of ÔB 4 ÔRP 2 ÕÕ Ô2Õ P 4 ÔRP 2 Õ also belongs to K, and thus
Further, from the upper exact sequence of equation (112) 
We now apply the Reidemeister-Schreier rewriting process to the leftmost vertical short exact sequence of (9) to produce a set of generators of K. Taking Ø1, ρ 1 Ù as a Schreier transversal of ÜρÝ in P 4 ÔRP 2 Õ and B i,j , ρ k 1 i j 4, 1 k 4´as a generating set of P 4 ÔRP 2 Õ, we see that the following elements constitute a generating set
(120) Note that we have also written each element in terms of the generators of the presentation of ÔB 4 ÔRP 2 ÕÕ Ô1Õ given at the beginning of the proof, we have deleted ρ 1 B 2,3 ρ ¡1 (118) and the Reidemeister-Schreier rewriting process to obtain a generating set for ÔB 4 ÔRP 2 ÕÕ Ô3Õ . This is achieved as follows. From equation (120), we see that the elements of the set (115) and (119) (121), (122) and (124), a basis of the F 3 -factor of the quotient is given by B 2,3 , ρ 2 3 , ρ 3 B 2,3 ρ ¡1 3 µ , and by (121) and the above discussion, we may take a 3 ρ 3 ρ 2 ρ 1 to be a generator of the Z 4 -factor. Using equation (7), we see that the action of Z 4 on F 3 is given by°³
Consider the map s : F 3 « Z 4 ÔB 4 ÔRP 2 ÕÕ Ô3Õ defined on the generators of F 3 « Z 4 by:°²
Note that the elements on the right hand-side are considered to be elements in B 4 ÔRP 2 Õ.
Using the given generating set of K, we have
By equations (115) and (116), we see that these elements belong to ÔB 4 ÔRP 2 ÕÕ Ô3Õ , so the map s is well defined. Using equation (7) 
As we already mentioned above, ρ 4 ρ 3 ρ 2 ρ 1 belongs to ÔB 4 ÔRP 2 ÕÕ Ô3Õ , and it projects to the generator of the Z 4 -factor of p 3 ÔÔB 4 ÔRP 2 ÕÕ Ô3Õ Õ, so may be taken as a generator of the Z 4 -factor in equation (127). To determine completely ÔB 4 ÔRP 2 ÕÕ Ô3Õ , it just remains to calculate the actions. By equation (7), the action of Z 4 on the given generators of 
and so the action of Z 4 by conjugation on the Abelianisation of F 5 « F 3 is ¡ Id. As for 
It follows from the form of the projection F 3 Z 3 2 that ρ 4 3 belongs to the kernel F 17 . We will calculate the action of the corresponding automorphism ϕ ρ 4 3 on a certain element of F 129 . To do this, we first determine a basis of F 129 using the Reidemeister-Schreier rewriting process. A suitable transversal for the kernel of F 5 Z 5 2 relative to the basis of equation (133) is the word τ e 1 e 2 e 1 e 3 e 1 e 2 e 1 e 4 e 1 e 2 e 1 e 3 e 1 e 2 e 1 e 5 e 1 e 2 e 1 e 3 e 1 e 2 e 1 e 4 e 1 e 2 e 1 e 3 e 1 e 2 e 1 .
Let τ 0 denote the empty word, for i 1, . . . , 31, let τ i be the subword of τ consisting of the first i letters, and let w denote the Schreier representative of the word w wÔe 1 , . . . , e 5 Õ. Deleting the trivial elements that appear in the set τ i e j Ôτ i e j Õ ¡1 0 i 31, 1 j 5 τ 7 e 1 τ ¡1 6 . τ 6 e 2 τ ¡1 5 . τ 5 e 3 τ ¡1 2 .
Each of the terms appearing on the right hand-side of this equality, as well as τ 5 e 3 τ ¡1 2 , belongs to the given basis of Z 129 , and so the induced action of F 17 on Z 129 is non trivial.
This proves that the semi-direct product F 129 « F 17 is not almost direct. It thus remains an open question as to whether B 4 ÔRP 2 Õ is residually soluble. 4 A presentation of Γ 2 ÔB n ÔRP 2 ÕÕ, n 3
